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EiuMMAm

An analysisis -presentedof thepostbucklingbehaviorof a simply
supyorted,squarefI.atplatetithstraightedgescompressedbeyondthe
bucklingloadintotheplasticrange. Themethcdof analysisinvolves
theapplicationof a variationalprincipleof thedeformationtheory
of plastici~in conjunctionwithcomputationscarriedouton a high-

4 6peedcalculatingmachine.Numericalresultsareobtainedfor several
plateproportionsandforonematerial.Theresultsindicateplate
strengthsgreaterthanthosethathavebeenfoundexperimentallyon

. platesthatdo not satisfystraight-edgeconditions.

INTRODUCTION

Thedeterminationof the load-carryingcapacityof a platesub-
jectedto loadsin itsplanedependsupm a lmowledgeof thebehavior
of theplatein thepostbuckledrange. Postbucklinganalysesof plates
haveforthemostpartbeenbasedon purelyelasticconsiderations.
However,therelativelythickplateelementsusedin modernaircraft
structuresmay generallybe expectedto undergoplasticdeformations
priorto failureof the componentsthattheyconstitute.Consequently,
thetheoreticaldeterminationof theloadsthatsuchplatescansupport
reqtirestheincorporationof plasticitytheoryintoa large-deflection
postbucklinganalysis.

Mmy authorshaveinvestigatedtheelasticpostbucklingbehavior
of flatpl&tesin compression; themorewidelyknownof theseinvesti-
gationsarereferences1 to J_l.Thebasicdifferentialequationsfor
a plateelementundergoinglargedeflectionsarederivedby VonK&m&
in reference1. In reference2, VonK&m&n introducesthe conceptof
theeffectivewidthof postbuckledplates. Variousapproximatesolu-

, tionsforpostbucklingbehaviorarepresentedin references3, 4, 5,
and6 by Cox,Timoshenko,MarguerreandTrefftz,andMarguerre,
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respectively,whereanalysesare carriedoutby ener= methods.In a
reference7, KrommandMarguerreobtainveryaccurateresultsat moder-
atelyexceededbucklingloadsforsimplysupported,infinitelylong
platesin compressionby extendingtheinvestigationsof references~ *

and6. h essentiallyexactsolutionfor squareplatesin compression
is presentedby kvy in reference8, wherethelarge-deflectionequa-
tionsof reference1 aresolvedto a highdegreeof approximationby
meansof Fourierseries.In reference9, Koiterimprovestheresults
of reference7 to makethemapplicablefarbeyondbuckling;in addition,
resultsarepresentedforclampedplates. Theeffectsof initial
deviationsfromflatnessforsquareplatesareinvestigatedby Hu,
Lundquist,andBatdorfin reference10 andby Coanin reference11by
meansof themethodof solutionadvancedin reference8. Ih reference10,
thesideedgesof thepkte areconstrainedto re=in straight,whereas,
in referenceH.,thesideedgesarefreeto distortin theplaneof the
plate.

me largenumberof investigationsof theelasticpostbuckling
problemandthefactthatsolutionscanbe obtainedonlyby approximate
methcdsindicateto someextenttheunwieldinessof thenonlinear,large-
deflectionequationsinvolvedin thepostbucklingproblem.Thelackof ,
solutionsto thecorrespondinginelasticproblemappearstobe a conse-
quencenotonlyof itslarge-deflectionaspectsbutalsoof nonlinearity
in thestress-strainrelations.Theinelasticproblemis furthercompli- .
catedby thefactthatsomequestionexistsas to theappropriateplastic
stress-strainlawapplicableto thestatesof combinedstressinvolved
in theproblem.

In recentyears,muchworkhasbeendonein formulatingvariational
principlesfortheoriesof plasticity.At thesametime,greatadvances
havebeenmadein thedevelopmentofhigh-speedcomputingmachines.The
useof a variationalprinciplein conjunctionwithcalculationsyerformed
on a high-speedcomputerappsarsto offera feasibleayproachto the
solutionof theinelsaticpostbucklingproblem.In thepresentpaper,
thisapproachis usedto determinethebehaviorof an aluminum-alloy,
simplysupported,squareflatplatewithedgesconstrainedto remain
straight,compressedbeyondthe (elmtic)bucklingstressintothe
plasticrange. TheVariationalprincipkusedappliesto thesimple
deformationtheoryofp,la6ticityandthecalculationsweremadeon the
Standards’EasternAutomaticComputer(SEAC)of theNationalBureauof
Standards.

Theresultsof theanalysisarepresentedin theformof curves
showingthevariationof deformations,stressdistribution,average
compressivestress,andeffectivewidthwiththeappliedunitshortening.

*

.
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SYMBOLS

%> yy
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u

v

b

be

e.

‘Cr
.

f

h

i, m, n,

t

t-f

u, v, w

7X-Y‘

7xy
.

Young’smodulusforplatematerial

secantmodulus

bendingmomentsperunitlength

twistingmomentperunitlength

strainenergyof phte

volumeof phte

platedimensionin x- andy-direction

effectivewidthof plate

unitshorteningappliedto plate

compressivebucklingstrainor shortening

unitdisplacementof pkte sideedges

overallthicknessof two-elementplatemeasured
betweencenterlinesof faces,

P) q integers

thiclmessof homogeneousor solidplate

thichessof faceof two-elewntplate

displacementof pointon middlesurfaceof platein
x-,y-, and z-direction,respectively

platecoordinates(seefig.1)

middle-surfaceshearstrain

twistingstrain

totalshearstrainin xy-plane

.
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ceff

~x’)=y’

rt
~x’f)~y

=x,eY

5

n

P

‘av

~cy

‘cr

‘eff

ax,5

ZX, 5Y

‘XY

‘m

Subscripts:

t

b

/

7W2
effectivestrain,— e& .p+%f+~xcy+ ~

middle-surfacestrainsin x- andy-direction,
respectively

bendingstrainsinx- andy-direction,
respectively

totalcomponentsof strainin x- andy-direction,
respectively

nondimensionalMteral coordinate,2x/b

nondimensionalaxialcoordinate,zy/b

Poisson’sratioforplatematerial

averagecompressivestress

compressiveyieldstressof material

compressivebucklingstress

effectivestress, axJ2+?2 - OXDY+ 3T=2

componentsof stressin x- andy-direction,
respectively

localaverageaxialand lateralstresses

localaverageshearstress

shearstressin xy-plane

topfaceof

bottomface

two-elementplate

of two-elementplate

.

.
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Statementof theProblemandBasicAssumptions

Theproblemunderconsiderationis to determinethebehaviorof a
squareflatplatecompressedunidirectionallybeyondtheelasticbuckling
stressintotherangewhereplasticyieldingof thematerialtakesplace.
Alledgesof theplateareassumedto remainin theoriginalplaneof
theplateandto havevanishingbendingmoments.Theplateis considered
to be subjectedto a uniformshorteningby meansof a pairof rigid,
frictionlessloadingplatens;thus,theloadededgesremainstraightand
freeof tangentialstresses.Thesideedges- thoseparallelto the
directionof loading- areassumedtobe heldstraightbut arefreeto
transktelaterallyandaredevoidof tangentialstresses.Theplate
is furtherassumed(fig.1) to consistof twostiess-carryingfacesonly,
thestressesbeingconstantthroughthethicknessof eachface. The
effectsof finitetransverseshearstiffness,however,areneglected.

Thechoiceof aspectratioandedgeconditionsfortheplateis
. basedupontheobservedbehaviorof an interiorbay of a multiple-bay

stiffenedpanelimmediatelyafterbuckling.b general,nearlysquare
bucklesformin theskin,andthenumberofbucklesin thelongitudinal

4 directiontendsto persistin thepostbucklingrange;thus,thebuckles
tendto remainnearlysquare.Thebehavioris somewhatdifferentin
thecaseof thetrulyinfinitelylongplatesanalyzedin references7
and9 whereit is shownthatthebucklestendto shortenin thedirec-
tionof loadingas thel~d is increased.Therestrictionto square
bucklesmadein thepresentpaperis thereforeconsideredto applyto
panelsthatare longenoughfornearlysquarebucklesto be formedbut
notso longthatthenumberofbucklescanreadilychange.

Thetwo-elementconfigurationassumedfortheplateis incor~rated
intotheproblemin orderto simplifytheanalysisby inkingit inde-
pendentof theeffectsof plastici~throughthethiclmessof theplate.

Thequestionof whatis thecorrectrelationbetweenstressesand
strainsundercombinedstressesin theplasticregionis at present
quiteunsettled.Theliteraturecontainsanalysesof plasticbuckling
(seerefs.I-2and13) thathavebeencarriedout,withevidentsuccess,
on thebasisof thesimplesecsmt-mdulusdeformationtheoryofplas-
ticity.On theotherhand,seriousdoubtsexistconcerningthelegit-
imacyof applyingthistheoryWhen,as inbuckling,the stressesmay
deviatesharplyfromso-called“proportionalloading”- loadinginwhich
thecomponentsof stressat anypointremainproportionalto oneanother.
A considerablecontroversyon thissubjectwhichwillnotbe delvedinto
in thispaperhasarisen.Thecoursefollowedin thisreportis to use

●

deformationtheorybut to considerplatesthatbuckleelastically.In

.
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suchcases,
to beginto

wherethepostbuckledconfigurationhashadan Opportunity
.

developelastically,thestress~storY in thel?~stic‘-e
wouldnot involvewidespread,suddendeviationsfromproportionallmdfngj .
consequently,simpledeformationtheorymaybe usedwithsomedegreeof
confidence.

In thepresentpaper,Poisson’sratiois assumedtobe equalto 1/2
inboththeelasticandplasticdomains;hence,materialcompressibility
is neglected.Accordingto thesecant-modulustheoryforan incompress-
iblematerial,therelationshipbetweentheinstantaneousstatesof
stressandstrainat anypointin theplateis givenby

4
(

=-E8CX+‘x ~

‘Y (=;%%+

or

.x=#-f+i)
1 ( 1 )~y=goy-~~x

-.27xy= Es ‘Xy
1

ThequantityEs is definedby therelationship

E6 = k
‘eff

where Ueff is an effectivelocalstressgivenby

Oeff= UX2+ ay2- Ox~y+ 3TV2

and eeff is an effectivelocalstraingivenby

~eff=&m

(la)

.

●

(lb)

(2)

‘b)

(4) ‘

.
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.
Theeffectivestressandstrainarerelatedby theuniaxial
straincurveof thematerial.~us, Es canbe determined

7

stress-
by entering

. theuniaxialstress-straincurvewitheither D&f or ‘eff”

Equations(1)arestrictlyapplicableat anypointin theplate
onlyif theeffectivestressandstrainat thatpointhavenever
decreasedwhilein theplasticrange. Theuseof equations(1)for
anystresshistorycorrespondsto a nonlinearelasticmaterialwhose
uniaxial.loadingandunloadingstress-straincurvesare identical.!l%e
presentsolutionwillbe actualJycarriedoutforthishypothetical
mterialby assumingequation(1)to applyalways,andtheapplicability
to theplasticmaterialwillthenbe assesseda ~sterioriby examining
whethertheeffectivestraindoesindeedincreasemonotonicallyonceit
entersthenonlinearrange.

F.&sicEquations

In thepresentpaper,thedisplacementsu, v, and w of the
middlesurface(seefig.1)willbe considered’asthebasicurdmowns.
to be sought.Since,afterbuckling,thedisplacementw canno
longerbe consideredsmallin comparisonwiththeplatethickness,the

, postbucklingproblemrequiresapplicationof finite-deflectiontheory
to describetherelationshipsbetweenstrainsanddisplacements.

Fromreference4, theexpressionsrelatingmiddle-surfacestrains
anddisplacementsare

NLbullw2
~x ax 2 &

.*
r)

1W2.—
‘Y’ by+ 2ay

1

,_au+&+aw&
7XY ‘~ ax axay

(5a)

Thebendingatitwistingstrainsactingthroughoutthethicknessof a
plateelementareobtainedfromreferencek as

7W a%

)
“=2z-

~xay

(5b)
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where z, in general,is thedistancefromthemiddlesurface.In the

caseof thetwo-elementplate, z is takento be +& thedistances

fromthemiddlesurfaceto themediansurfacesof thefaces.

Withtheuseof thesubscriptst and b to denotethetopand
bottomfaces,respectively,thefacestrainscannowbe writtenas

(6)

Thestress-strainrelations(eqs.(la)), in conjunctionwiththestrain-
displacementrelations(eqs.(6)), givethestressesin thetopand
bottomfacesa6

-.

lE
(

&+&+&&.~h&_
‘~t,b = ~ ‘t)bby bx axay axay)
Here Est and E areconsideredtobe functionsof

‘b

1
L

%t

i+ ‘%2+‘t*+‘Xt’yt+ 4
and

‘efft=

ceffb=

respectively.

J
(&)

P

.

7wb’

/%/

2 2
‘xb + ‘Y~ + ‘xbeyb+— 4

(8b)

●

✎
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Thelocalbendingmomentsproducedin theplateby thefacestresses
aresimply

q=
( )

ht
-~xt-~xb~f

% = -(% - %): ‘f

% = fxy, - ‘X@ ‘f
1

andtheaveragestressesat anypointin theplateare

(10)

. The conditionsof equilibriumin thex-,y-,and z-direction
yield(seeref.4)

(u)

where 2tf,thestress-carryingthickmessof thetwo-elementplate,is

used inplaceof thethicknesst of thehomogeneousplateconsidered
in referencek.

Theboundaryconditionsstipulatedfor
follows:Theprescribedunitshorteninge

thepresentproblemareas
requiresthat

(12)
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The conditionthatthesideedgesremainstraightis

~(x)t:)= eons~t
\

The requirementthattheside

Jb/2

-b/2

~/

edgesbe freeto translateis

(2)5 X,fY Qdx=o

The conditionthatthetangential
written

stressesvanishon eachfaceis

()
x,t~ . 0

% 2

Finally,thesimple-supportconditionsstipulatethat

‘t~’y) = “fJ:) = 0

and

(13)

(14)

(15)

(16)

(1’7)

Now,thedifferentialequations(11),togetherwiththeboundary
conditions(eqs.(12)to (17)),maybe consideredto constitutethe
completestatementof theproblemIn termsof thedisplacementsu, v,
and w. Thatis,throughtheuseof equations(6)to (11)andby spec-
ificationof theuniaxialstress-straincurve,the differentialequa-
tions(I-1)could,in principk,be reducedto a setof three‘differ-
entialequationsin u, v, and w. Similarly,theboundaryconditions
depend,implicit~,onlyon thedisplacements.An alternativeformu-
lationof theproblem,lessnaturalbutmoreattractive,ispresented
in thenextsectionby meansof a variationalprinciple.

.

.
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.
VariationalPrinciple

The strainenergyof stretchingandbendingfor thetwo-element.
plateis

(18)

It canbe readilyverifiedfromequations(1)to (4)that

axd~x+ IS,de,+ TW ‘7= = “eff“eff (19)
a

Thus,thestrain-ener~expressionmaybe written
.

u=‘f&~:(~’efft“eff,“efft‘~’effb“effb‘eeffb)h o

(20)

As a result,in eachfaceof theplate,thestrain-ener~densityat a
givenpointis simplytheareaundertheuniaxialstress-straincurve
up to theeffectivestrainlevelat thepoint. Accordingto the
principleof minimumpotentialenergyfordeformationtheories(ref.14),
a solutionof thepresentproblemrendersthestrainener~ U a
relativeminimum.Statedprecisely,5U = O withrespectto admissible
variationsin u, v, and W. By admissiblevariationsaremeantvaria-
tionsthatdo notviolatethegeometricalboundaryconditionsof the
problem;in thepresentproblem,thegeometricalboundaryconditions
aregivenby equations(12),(13), and (16). It iS important to nok

thatthevariationsin displacementsneednot satisfytheremaining
so-callednaturalboundaryconditions(eqs.(14),(15), and (17)).

Althoughtheminimum-potential-energyprincipleof reference14 is
formulatedforsmall-deflectiontheory,itsusein thepresentproblem
iS valid. It is shownin appendixA, by meansof thecalculusof varia-
tions,thatminimizationof thestrainenergy U withrespectto

. admissiblevariationsin displacementsleadsto satisfactionof the
correctdifferentialequationsof equilibriumandthenaturalboundary
conditions.
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Methodof Solution

Thesolutionof thepresentproblemis foundapproximatelyby
usingtheRayleigh-Ritzprocedurein conjunctionwiththevariational
principlediscussedin theprecedingsection.Expressionsforthe
LIIlbOWIIS U, V, and W areassumedto be,inthefollowingform:

(21)

(22)

(25)

Theseexpressionsatisfyallthegeometricalboundaryconditionsof
equations(12),(13), and (16);e is themagnitudeof theprescribed
unitshorteningandtheunkmowncoefficientsWren,upq)~ Vpq
remainto be determinedfromthevariationalprinciple.In practice,
thesolutionwas limitedto thedeterminationof onlythesixunlm.own
coefficientsw~, Ulo9 Ull) fY Vol, and Vu.

In thespecialcaseof elasticbehavior,where aeff is a linear
functionof eeff and Es = E everywherein theplate,a solutionfor
thesecoefficientsly analyticalminimizationof equation(20)is
feasibleandis givenin appendixB. M theplasticsolution,however,
it is necessaryto intrducean appropriateuniaxialstress-strain
curvein orderto evaluateequation(20)andeffectitsminimization
tithrespectto thesixunhewn coefficients.Sucha minimizationby
analyticalmethodsappearstobe ofprohibitivedifficulty.Conse-
quently,thecoursefollowedwas to utilizea high-speedcomputing
machine(SEAC)to carryouttherequiredminlmi.zationprocessnumeri-
cally. Essentially,theprocedurerequiredrepeatednumericalevalua-
tionof thestrain-energyintegral(eq.(20))forsystematicallyvaried
setsof theunknowncoefficients.An expositionof thecomputational
schemeis containedin appendixC.

RESULTSANDDISCUSSION

Thecompressivestress-straincurveshownin figure2, typicalof
24s-Taluminumalloy,.wasusedas thebasicrelationshipbetween
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. ~eff ‘d ~eff in thepresentinvestigation.Theposthuckling
analysiswas carriedoutforfourdifferentplate“proportions,so

. chosenthatthecorrespondingvaluesofbucklingstresswereas indi-
catedon figure2; eachplatewas takento haveitsinitialbuckling
stressin theelasticrange.

As shownin appendixB, theekstic bucklingstressforthetwo-
elemat @ate is givenby

whenPoisson’sratioequals

Thepostbucklingstate

.~@,2
‘cr ()3b

1/2,andthecriticalunitshorteningis

.cr=kQ2()3b

foreachplatedependsonlyon e/ecr9the
ratioof theappliedunitshorteningto the criticalstrain.‘Thefinal

. resultsforloadscarriedby two-elementplates,withPoisson’sratio
equalto 1/2,are consideredto applyapproximatelyto solidplates
havingthesamevaluesof Ucr and e/ecr. Theproportionsof the

. equivalentsolidplatesaredeterminedby theusualformula:

E
()
fi 2

‘cr =
3(1 - pp) b

DisphcementsandStresses

By meansof thenumericalminimizationprocessdescribed.in
appendixC, approximationsto thetruevaluesof theunknowncoeffi-
cients Wll) UloY u~) f, Vol,and Vu in theexpressions(21)
to (23)forthedisplacementsw, u, and v weredeterminedforeach
of thefourplateproportionsconsideredandforvariousvaluesof the
appliedunitshorteningratio e/ecr. Fora givenunitshortening,the
minimizationprocessinvolvedcalculationof thestrain-energyexpres-
sion(20)for systematicallyvariedsetsof thedisplacementcoeffi-
cients,so chosenas to causetheener~ to decreasein magnitude
continually.Fora givenunitshortening,est-tis of thetruedis-
placementcoefficientarethenprovidedby thosevaluesthatyieldthe
lowestenergyvaluefound. Withtheuse of numericalminimization,the
accuracyof suchestimatesis limitedby thefactthat,in theneighbor-
hoodof itsminimum,theenergyis relativelyinsensitiveto changesin. thedisplacementcoefficients.Nevertheless,a reasonablyconsistent
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variationof thefinalcoefficientswith e/ecr was foundandis shown P

by thefairedcurvesof figures3 and4 forthetwoextremeplategeom.
etries,plates1 and4, respectively.Alsoshownin thesefigures,for *
comparison,arethe coefficientsgivenby theelasticsolutionof
appendixB, whichconsidersthesamenumberof unknowncoefficients.
Theseelasticcoefficientsconstitutedtheinitialvaluesusedin the
iterativeprocessforminimizingtheenerg in theplasticrange. As
can‘beseenfromfigures3 and4, thelargestdifferencesbetweenthe
elasticandplasticdisplacementsoccurforthein-planedisplace-
ments u and v; thedeflectioncoefficientWu is verynearlythe
sameforboththeelasticandplasticcases.

Fromthevaluesof displacements,stressescanbe foundby use of
equations(7). Thelateraldistributionof axialstress Ux,as deter-
minedby equation(10),is shownin figure5(a)forthreedifferent
crosssectionsof plate1 at a valueof ‘/ecr of ?j similardistribu-
tionsforplate4, at a valueof ‘/ecr of 6, arealsoshownin fig-
ure 5(b). Theseresultsfor thetwoplEtesactuallycorrespondto the

sameunitshortening,since (ecr)4= +(ecr)l.Figures~(c)and 5(d) .

showthedistributionsof averagelateralstress 5Y at severallongi-
tudinalcrosssectionsof eachof thetwoplates. It maybe of interest f
to notethat,in contrastto theresultsof figure5, thecorresponding
elasticsolutionof appendixB yieldsaxialand,lateralstressdistribu-
tions(eqs.(B1O)) thatareindependentof thex- andy-coordinate,
respectively.

In theelasticsolution,conditionsof equilibriumin thex- and
y-directionaresatisfiedexactlyat eachpointof theplate. The
extentto whichin-planeequilibriumis satisfiedby theplasticsolu-
tionmaybe measuredin a grosssenseby checkingtheclosenessof the
valuesof theresultantaxialforceat variouslateralcrosssections;
also,thelateralstressdistributionsmaybe examinedto seewhether
theyproduceessentiallyzeroresultantlateralforce. Theresultsof
suchequilibriumchecksareillustratedin figure5, wheretheaverage
stressvaluesareindicatedforeachcross-sectiondistribution.It iS
seenthat,althoughtheaveragelateralstressis closeto zeroin all
cases,thereremainssomediscrepancybetweenthemagnitudesof the
averageaxialstressat thevariousstations.Basedon themeanvalue
of averageaxial.stressforthethreecrosssectionsin eachcase,the
percentagespreadbetweenthelargestandsmallestvaluesof average
axialstressamountsto 4.8percentforplate1 and7.4percentfor
plate4. Itmaybe of interest,however,to ccmparethesediscrepancies
withthosethatwouldbe obtainedby calculating~lasticstresseson the
basisof theelasticdisplacementsthatwereusedin thefirstcycleof .
iterationin theminimizationprocess.Theaverageaxial-stressvalues

?
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. obtainedon thisbasisare
in parentheses.As canbe
smllestvaluesof average. stantial,32.4percentfor

indicatedin figure5 by
seen,thespreadbetween
axialstressforeachof
phte 1 and29.5percent

the
the
the
for

15

valuesenclosed
largestand
~bteS iS sub-
plate4. Thus,

a significantimprovementwas achievedby theminimizationprocess.

The straindistributionsof plates1 and4 andtheirvariations
with e/ecr weresubjectedto a detailedexaminationh orderto deter-
minewhetherplasticunloadingeveroccurred.Itwas foundthat,UP tO
thelargestvalueof ‘/ecr consideredin thepresentstudy,no such
unloadingdid in factoccur. Thatis,themagnitudeof theeffective
strain eeff in eachfacecontinuallyincreasedwithincreasinge at
allpointsin theplatewhereplasticyieldingoccurred;at somepoints
(forexample,themidpointof theloadeddge) ~eff doesdecrease
immediatelyafterbucklingbut thisunloadingoccursin theelastic
range.

RelationEetweenAverageA~lied StressandUnitshortening
.

Theload-carryingcapacityandthestiffnessof a plateafterbuck-
lingaredeterminedby therelationshipbetweeutheaveragecompressive

. stress Uav andtheappliedunitshortening.The bad-carryingcapacity
of theplateat a givenshorteningis simplytheprcductof theaverage
compressivestressandthe cross-sectionalareawhereasthestiffnessof
theplateafterbucklingis rekted to the slopeof the curveof average
stressagainstunitshortening.

As hasbeenshown,theresultantaxialforceobtatied~ tiePresent
solutionvariessomewhat,dependingon thelocationof thecrosssection.
An appropriateuniquevalueof theaverageappliedstressmaybe most
convenientlydeterminedby meansof thefollowingener~ considerations.

The strainenergy(eq.(20)),whichwasminimizedforvariousvalues
Of e/ecrjmustequalthetotalexternalwork. Therefore,

U = 2tfb2
f cavde
o

whence

(24)

. wherethe
described

platevolumeis v =
in appendixC yields

2~b2. Sincetheminimizationprocess
valuesof U/EV directly,theuseof
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relation(24)to determine‘av is quiteconvenient.(Thesame c

relationshipwasusedin theelasticanalysisof reference9.)

Figure6 showsthevariationof
.

U/EV with e/ecr foreachof
thefourplatesinvestigated.Therequireddifferentiationof these
curveswaseffectedby meansof thegraphicalproceduredescribedin
reference15,andtheresultemtcurvesof aav against e areshown
in figure7 forthefourplates.For comparison,thecurvesdetermined
by theelasticsolutionof appendixB areshownforeachcase.

It shouldbe emphasizedthattheseresultsarecertainlyapproxi-
mateby virtue,amongotherthings,of thefactthatonlya limited
numberof coefficientswereusedin theexpressionsfor thedisplace-
ments. An estimateof theextentof theinaccuracymaybe madeby
comparingtheessentiallyexactrelationshipbetweenaveragestressand
unitshorteningfoundby Levyfortheelasticcasewiththatgivenby
theapproximateelasticsolutionof appendixB, whichconsidersthe
samenumberof coefficientsas wereusedin theP~stic solution.This
comparisonis madein figure8,whichshows aav[Ucr as a functionof

‘/ecr forthesetwosolutions.Thus,it is reasonableto expectthatthe - -
curvesof figure7 arereliableonlyup to valuesof ‘Iecr of about4;
thislimitingvalueis notedby tickmarkson eachof thefourcurves. .

A reasonableprocedureforcorrectingthecurvesof figure7 would
be to reducethemat eachvalueof e/ecr by the correspondingratio
of thetwocurvesof figure8. Thisreductionhasbeenmadein figure9;
thecurvesconstitutethefinalestimatesof thepresentpaperforthe
relationshipbetweenaveragecompressivestressandunitshorteningfor
thefouxplatesstudied.

An interestingfeatureof theresultsof figure9 is thatthe
averagecompressivestresscarriedby eachplatedoesnothavea mxi-
mumvaluein therangeof unitshorteningconsidered.However,thelack
of definitemathematicalmaximumsin theaveragecompressive-stress—
unit-shorteningcurvesof figure9 should,perhaps,notbe overempha-
sizedin viewof theflatnessof thesecurvesandtheapproximatenature
of thepresentsolution.Moresignificantis thefactthatthecurves
indicateload-carryingcapacitiessubstantiallygreaterthanthosethat
havebeenfoundexperimentallyforplatesthatdo not conformto straight- ‘
edgeboundaryco@itions. Suchtestresults(unpublished)havebeen
obtainedby R. A. AndersonandM. S. Andersonof theIangleyhboratory
forplatessupportedlaterallyin a V-~oovedfixturesimilarto that
usedin theclassicaltestsby SchumanandBack(ref.16). Plates
supportedby V-~oovedfixturesarenot,of course,constrainedto have
etraight(in-the-plane)sideedgesafterbuckling,and,in @iitionJ

theV-groovedfixturedoesnotentirelypreventout-of-planedisplacements
.
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. of thesideedgesonceinitialbucklingtakesplace. I?eedham,In
reference17,givesthetestresultsfoundby a numberof investigators
forthemaxhnunstrengthof compressedsquaretubes. Again,theplate.
elementsof squaretubesdo not satisfytheboundaryconditionsof
straightsideedgesbeyondbuckling,and,as is remarkedby Needham,
failureoccurswithpassageof thebucklepatternthroughthecorners.
A comparisonbetweenthesetestresultsandtheresultsof thepresent
papercanbe madeby takingfromfigure9 a nominalmaximumaverage
stress %x equalto the stressat the largeunitshorteningof 0.01
(thehighestunitshorteningforwhichcmgputationswerecarriedout).
Figure10 showstherelationshipbetween %ax/acr ~d ~er/~cyfo~d
in thisfashionfromfigure9 andalsogivesthe correspondingcurve
determinedby testresultson a varietyof materials,including
24s-Taluminum,forsquaretubes(ref.17)andforpbtes in V-grooved
fixturestestedby AndersonandAnderson.(Theresultsforbothtypes
of testsfallessentiallyon a singlecurve.)

.

.

It appears,then,thatmaintainingstraight-edgeboundaryconditions
leadsto higherload-carryingcapacities,as indicatedby theresultsof
thepresentanalysis.Thisconclusionsis bolsteredby the~rimartal
resultsfoundby Botmanin reference18, whicharealsoshownin fig-
ure10. Eotznan,contentingtheinvestigationsstartedby EesseMng
(ref.19), useda jigthatditideda wideplateintothreestripsby
meansof a seriesof opposedhife edgesrunninglongitudinally.This
typeof fixturerepresentsmorecloselytheboundaryconditionsof the
presentinvestigationthando theV-groovedfixturesor thesquaretubes
and,as canbe seenfromfigure10,leadsto higherplatestrengths.Of
course,theoutsideedgesof theouterbaysstilldo not conformto the
straight-edgecondition;onemay conjecture,then,thatstillhigher
strengthswouldbe achievedfromtestson plateswithadditionalbays.

EffectiveWidth

The so-called“effectivewidth”of platecanbe readilycalculated
fromthe curvesof figure9 by meansof therelationship

be aav—=—
b =ss

where %s is thestressobtainedfromthestress-straincurveforthe
valueof e thatyieldsa givenvalueof aav. Thevariationof

bO with e/ecr is shownin figure11 andis comparedwiththeeffec-
tivewidthcalculatedon thebasisof Leyy’s“exact”elasticsolution

. forthe squareplate. Thiscomparisonshowsthat,at thehigherunit
shortenings,theeffectivewidthsbecomesomewhat~eater thanthose

i
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givenby elastictheory.Theearlydipof thepresentresultsbelow
theelasticcurveis a consequenceof thefactthat@astic strains
occurin theinteriorof theplateat unitshorteningsthatare still
in theelaaticrange.

.

,

CONCLUDINGREhMRKS

A theoreticalanalysishasbeenmadeof thebehaviorof a simply
supported,squareflatplatewithstraightedgescompressedbeyondthe
bucklingloadintotheplasticrange. Approxhatisolutionswerecarried
outnumericallyforonematerialandforfourdifferentplateproportions;
the curvesforaveragecompressivestressagainstunitshorteningthus
obtainedwerecorrectedin a rationalfashionto accountforthelimited
numberof degreesof freedm usedin theanalysis.

Themethodof analysis,involvingtheapplicationof a variational
principlein conjunctionwitha high-speedcomputingmachine,maybe
appliedto plateswithdifferentboundaryandloadingconditionsandof
differentmaterialproperties.Thenumberof degreesof freedomassumed
in thedisplacementfunctionsmaybe increased,subjectto thecapacity
of thecomputingmachine.The chiefdifficultythatwas encounteredin
theactualnumericalsolutionwas theslownessof satisfactoryconvergence
to minimumener~ values.Thedevelopmentof improvedmeth@s of effecting
numericalminimizationof nonlinearfunctionsofmanyvariableswouldbe
highlydesirableforfutureapplicationof themethodof analysisusedin
thisinvestigation.

.

IangleyAeronauticalLaboratory,
NationalAdvisoryCoxmitteeforAeronautics,

IangleyField,Vs.,November23,1954.
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APPENDIXA

VERIFICATIONOF VARIATIONALPRINCIPLE

Thepurposeof thisappendixis to showthat.thevariational
condition

5U=0 (Al)

where U is givenby equation(20),is validforfindinga solutionto
thepresentproblem.Thevariationof U is takenwithrespectto
admissiblevariationsin u, v, and w, thatis,thosethatdo notvio-
latethegeometricalboundaryconditions(E’),(13),and (16). ItWill
be shownthatthedifferentialequations(n) andthenaturalboundary
conditions(eqs.(14),(15),and (17))are consequencesof equation(~).

If thestrain-energydensity

~eff

J ‘eff
o

.
is denotedby F(ex,ey,7W)~equation

U=tf

wherethesubscriptst
respectively.Then,the
example,is

“eff

(20)maybe written

Jb,2J-b,2(Ft+~)dxdy

and b referto
variationof U

pb/2 pb/2

‘U”= tf J-:/2J-b,2(’uFt

thetopandbottomfaces,
withrespectto u, for

+ buFb)dx dy

Similarexpressionsholdforvariationswithrespectto v and w.

Now,

(A2)

(A3)

*

.
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and,again,similarexpressionsholdfor bvl’and ~#. Since
dF = Ueffd~effjit followsfromequation(19)that

ltromthestrain-displacementrelations(6),it followsthat

5UGY= o

Hence

5UU= tf J::J:{F% $(’”)-+ ‘% $(’uj +

[
~xb$&l) + T 1]~(bu) dxw~ ay

Afterintegrationby partsandwiththeuseof
variationbecomes

W

expressions(10),the

Iy=b/2% 5U dx-
y=-b/2

(A4)

.

.

.

.
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.
But, 5u=0 at x=t~

(
5ince u = ~eQ

)
at x=~~. On theother

2 2

+b hence,thecondition5UU= O. hand, bu is arbitraryat y =.z;

requiressatisfactionof theboundaryconditions

()
@ = o

‘w 2

as wellas of theequilibriumequation(Lb),

Similarly,calculation

[t

b/2
5VU= 2tf

-b/2

of 5VU leadsto

x=b/2
dY -

x=-b/2

Hence,setting5VU equalto zerorequiressatisfactionof equation(I_lb):

bzy b?w
o

~ ‘Z-=

Aleo,since 5. is arbitraryat x = *8, it followsthat

On theotherhand,by virtueof thestraight-edgecondition(eq.(13))>

5V mustbe constantat y =t~. Hence,

~:: %@;) b= 0

sincethe cons”tantvalueof & at eachsideedgemayhe arbitrary.

. Thusfar,ithasbeenshownthattheequilibriumequations(lJ-a)
and (llb),as wellas thenaturalboundaryconditions(14)and (15),

.
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areconsequencesof condition(Al). Itwillnowbe shownthatthe
.

remainingequilibriumequation(llc)andnaturalboundaryconditions(17)
willfollowfromthecondition5# = O. .

fromequations(6),

.&b(5w) :ll~w
bwext,b bx ax -2 bx2

awa(fjw)~ h~2(bw)6E=—
w Yt,b 3Y ay 2 a?

87 .aW~(5W)+&-,~h*
w ~t,b bx ay ayax

Hence,

b/2 b/2
5WU= tf

f~{(
awahw~+~

(
~afbw)+

ax
b/2 -b/2 t + ‘Xb)axax )+“b by by

( )[ by ax ] (~- UXb);W+
~~(bw)+~w + a

‘Vt + ‘~b ax ~y

(
}

“yt- “yb);w + k~~ - ‘Wb> * U Q

Throughtheuseof relations(9)and (10)andafterinte~ationby parts,

.

.

thev~iationbecomes

-Jb/2 x=b/2

%6 2 ~=-b/2‘y-b/2

Ib/2 y=b/2
+ -b,2w g ax

y=-b/2

,?323,+ 3),. dx dy
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Now,if bwU is to vanishforalladmissiblevaluesof ?3w,~ g,

23

bw then. and b —~
ay

requiresthat

it is readilyseenthatsatisfactionof ~U = O

and

Therefore,it hasnowbeenshownthatallthenaturalboundaryconditions
(eqs.(14),(15),and (17))andthedifferentialeq~tionsof eq~i~bri~
(eqs.(m), (llb), and (llc)) followfrcintheconditionthatthefirst
variationof thepotentialener~ of theplatemustvanishforall
admissiblevariationsin thedisplacementsu, v, and w.
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ELASTICSOLUTION

NACATN 3368

.

Theelasticpostbucklingbehaviorof thetwo-elementplatecanbe
obtainedanalyticallyby applyingtheRayleigh-Ritzmethodto the
elasticcounterpartof thevariationalproblemformulatedin thepresent
paper.

Thestrainenergyof stretchingandbendingof theplateis given
by equation(19)exceptthatit isnowunderstockthattherelationships
betweenthecomponentsof stressand strainareequations(la)withthe
local modulusEs replacedby Youngtsmdulus E. Substitutionof these
elasticstress-strainrelationsintoequation(18)and integrationto the
finalstrainstateyield

.

.

Sincethedisplacement~u, v, and w canbe rehted to thestrains
throughthelarge-deflectionstrain-displacementrelations(6),thestrain
energ canbe writtenas a functionof theunitshorteninge andthe
undeterminedcoefficientsappearingin thedisplacementexpressions(21),
(22),and (23). As mentionedearlier,boththeplasticandtheelastic
solutionsof thepresentpaperare limitedto thedeterminationof only
sixof theunlmowncoefficientsappearingin thedisplacementfunctions.
Thatis,thedisplacementsareassumedto be

V=fy+

w=bw I.1

where e is theapplied

(--L.W

(~Vol + Vll Cos

Cos~ Cos~

unitshortening

(B2)

@ theremaining coefficients
are to be determinedby applicationof theRayleigh-Ritzmethcd.The .

assumedexpression for-w--is exactat initiaibu&ling fora square
plateandis assumedtobe reasonablyaccuratein theearly posthuckling
range.

.
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Throughthe,useof relations(6)and (B2)in equation(Bl),the
strain-ener~demity canbe irdce~atidoverthestress-carryingarea
of the

.

u=

plateto give

k Rfbz
{
e2-

3
ef+f2+

~(2mlo + 2n-v~l)wf12+
16

2 #(e + f) + ~
[

~ (2flulo)2
8 1+(211v& -

The conditions
minimizethestrain

for obtainingthevaluesof the
ener~ for

au.au_ hJ. af auloavol

. Aftertheoperationsindicated
thefollowingsixsimultaneous
sixunknowncoefficients:

a given value of the

a~.au-~
=auu &~ awu

(B3)

coefficientsthat
unitshorteningare

=0

by theminimizingconditionsare performed,
equationsareobtainedforevaluatingthe
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Solutionof t,hefirBtfiveof equations(~) yields
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.

Substitutionof relations(B5)intothe lastof equations(@) gives

+’+xw+fw]=” ‘M
In general, Wll # O; hence,

(B7)

Nowjwhen Wll vanishes,thecriterionforinitialbucklingis estab-
lished;thatis,thecriticalstrainor shorteningbecomes

and, in turn, the compressive buckling stress is simply

.kEl&
‘cr ()3~

As a consequenceof equation(B8),equation(B7)yieldsthe
centerdeflectionof theplateas

Wll2=

and,hence,the‘sixcoefficients
of theplateunitshorteningand

(B8)

nondimensional

(B9)

arecompletelydeterminedforanyvalue
cross-sectiongeometry.

.

.

.

.

By virtue of theresults(B5)and (B9),thedisplacementexpres-
sions(B2)canbe substitutedintothestress-displacementrelations(7)
(with Es = E) to obtainthestressespresentin thefacesof thetwo-
elementplate. In termsof averagestress(seerelatione(10)),the

s

resultsof thismibstitutionyield
●
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&=a&’)cosy

‘w–.
‘cr

(B1O)

It shouldbe mentionedthat,althoughthestressexpressions(B1O)were
obtainedon thebasisof two-element-plategeometryanda Poisson~sratio
of 1/2,a rederivationforthe caseof a solidplate,withan arbitrary
Poisson’sratio,fieldstheidenticalresultsfor thestresses.

It is of interestto notethattheapproximateelasticsolution
(eqs.(B1O)) forthestressesturnsoutto satisfythe equilibriumequa-
tions(ha) and (llb)exactlyat eachpointof theplate;thethird
equilibriumequation(eq.(llc))is,of course,not satisfied.A measure
of theaccuracyof theapproximateelasticsolutionis affordedby
figure8, whi.ticcxuparestheapproximaterelationshipfoundbetween
aav/‘cr and e/ecr wtththeexactrelationshipfoundby Levy.

Equations(B>)and (B9)determinedin thisappendixareusedas
initialvaluesin theminimizingprocedurefordeterminingthesolution
to theplastic-plateproblem. (SeeappendixC.)
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.
PLASTICSOLUTION

Thevariationalproblemis convenientlyformulatedin nondimensional
termsas follows:Let ~ = 2x/b and ~ = 2y/b;and let

Sincethefourquadrsmtsof theplatebehaveidentically,theenergy
integral(20)maybe modifiedintothenondimensionalform

Here ceff is givenby equations(8)in termsof ex, Ey,and 7V,
whichin turnarefoundfrcmequations(6),(21),(22),and (23)to
dependonlyon thespatialcoordinates~ and ~, on theappliedunit
shorteninge, andon theunknownnondimensionalparameters

(C2)

Theratio fi fixesthemagnitudeof thecriticalshorteningecr and
b

hencespecifiestheplategeometry.Thesetof sixnondimensional
parameters(C2)aretobe so determinedas to minimizeF forgiven
valuesof ‘h ande.T

.

Sinceanalyticalminimizationof F is notfeasiblewhennonlinear
stres5-strainrelattonsareinvolved,recourseishadto a numerical
minimizationprocessin conjunctionwiththeuseof a high-speedcomputing
machine(SEAC).Theminimizationprocesswas effectedby meansof,
essentially,theso-called‘rmethdof steepestdescents.!’(See,for
example,refs.20 and21.)

.

.
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.
Thebasicideaof theproceduremaybe describedin generaltermE

as follows:Considera functionF xl,x2,...xn. Thesetof( )
. n independentparametersmaybe convenientlydenotedby then-component

vector xi (i= 1, 2, 3, . . . n). Thevalueof xi thatminimizesF
is sought.An initialtrialvector xi(0) iS ass-d, andthegradient

—

— is calculatedat xi(0). ~. direction- ~ is
‘f “ ‘at ‘s’ axf’ ax~
thenthedirectionof steepestdescentof thefunctionF; thefunc-

‘ion ‘F a:

(O).- is thenevaluatedforvariow positivevalues

of 5 in an effortto findthevalue
[ ‘0)-$95thatminimizes F xi

L J

Whenthisvalueof 5 is found(presumably,approximately),a newdirec-
tionof steepestdescentis determinedby evaluationof thegradientof

[1F at thepoint %(1) = xi(o)- ~ @ xi(o). Theprocessis continuedaxi
untilsatisfactoryconvergenceis obtainedto thelowestpossiblevalue
of F. Znthe presentproblem,thesixparametersin the set (eq.(C2))
playtheroleof thecomponentsof thevector xi.

. In tlieapplicationof themethd of steepestdescents,thebasic
procedureoutlinedabovewasmdified in certainrespects.Firstof all,
eachevaluationof F wasperformedapproximatelyby meansof numerical
integration.Eachfaceof the quarterplatewasdividedintoa gid of
100squares,theintegrandin equation(Cl)was computedat eachgrid
point,smdthe integralwas evaluatedby applyingS~psonIsruletwice-
onceforthe integrationin the ~-directionandonceforthe~-direction.
Forthiscalculation,thefunctionG was represented,piecewise,by
polynomialsdeterminedfromthe stress-strainrektionshipof figure2.

Theevaluationof thegradientof F wasperformedon thebasisof
a finite-differenceapproximationto eachof the sixpartialderivatives

required. ~FThus,thedeterminationof thesixcomponentsof —axineces-
sitatedsevenevaluationsof F - oneat theparticularsetof starting
valuesof theindependentvariablesandoneeachfora smallincrement
in oneof the sixvariables.

In anygivencycle,thevalueof ~ in thestartingpoint xi - @&
bxi

of thesucceedingcyclewas foundby passinga parabolathroughthethree
points F(0), F(b),and F(2b) givenby thevaluesof F at xi,

.
xi - ~a& and xi - 25 ~.

axi’ Eere 5 was chosento be of someconven-axi
ientmagnitude,preferablyof theorderexpectedfor ~..



30 NACATN 3368

It is pointedoutin reference20 that,in practicalapplication,
.

themethodof steepestdescentstendsto furnishsuccessiveapproxima-
tionsto theminimizingvectorthatzigzagtowardthetrueminimum .
ratherthanapproachit in a smoothfashion.Consequently,thefollowing
procedurewas introducedin an attemptto speedup convergence:After
twosuccessivecyclesofminimizationin thedirectionof thenegative
gradient,a thirdcycleof a differentnaturewas inserted.In this
extracycle,minimizationwasperformednotin thedirectionof the
negativegradient,butratherin thedirectiondeterminedby thediffer-
encesbetweenthelast-ob%inedapproxhationsto theunknoMTMandthe
approximationsof twocyclesbefore. Thus,a roundof threesuccessive
approximationsto thendnimumvectorproceededas follows:

(1)Given Xin;find

find ~n;obtain ~ n-t-l.

(2)Repeatstep(1),

() [ ‘-%(Y)]‘0&xin ; minimizeF xi
Axi

%n-%. & @in)a

startingwith xin+ljthis procedwe gives .

(5)Let Si = xi”- ~@2; minimizeF xiw2 -bSi) to obtain(ri-t-3. xin+2SW2; then> Xi - 5M?#i.

(4)Repeatsteps(1), (2),and (3)as manytimesas arenecessary
to obtainsatisfactoryconvergenceto theminimizingvalueof xi.

Itmaybe remarkedthatin practicethequantities~ and Si were
Axi

normalizedthatis,eachcomponentof a set ‘— or Si wasdivided
Ax~

by theabsolutevalueof thelargestcomponent.

It is clearthata tremendousamountof numericalcalculationis
involvedin theapplicationof thisprocedureto thepresentproblem3
onlyveryhighcomputingspeedsmakesucha procedurefeasible.

Foreachvalueof Z& and e, theinitialvaluesassumedin the

iterationprocessweretakenfromtheelasticsolutionof appendixB.
Convergenceto theminimumenergylevelwas consideredsatisfactoryif
severalsuccessivecyclesyieldedthesamevalueof ener~ to within
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. four6i@lifiCSlTt figures. Aboutthirteencyclesof iteration,involving
approximately35 minutesof computingtimefortheSEAC,weregenerally
requiredfor convergence.In severalinstances,particularlyat the

. highestunitshortenings,convergencewasfoundtobe impracticablyslow;
in thesefew cases,theminimumenergylevelwas estimated%y evaluating
it forvaluesof thedisplacementcoefficientsextrapokti fromcurves
suchas areshownin figares3 and4. Thefinalplotsforener~ against
unitshorteningobtainedforthefourplatesare shownin figure6.

It is of interestthatthetotaldifferencein energybetweenthe
firstand lastcyclesof iterationforeny onecasewas alwaysverysmall
(oftheorderof l percent).Consequently,as faras theenergyis
concerned,a fairestimatecouldbe foundon thebasisof theelastic
displacementcoefficients.However,as is discussedin thebodyof the
presentpaper,a reasonablyaccurateestimateof the stressdistribution
requiresapplicationof theminimizationprocess.
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